KT-geometry is the geometry of a Hermitian connection whose torsion is a 3-form. HKT-geometry is the geometry of a hyper-Hermitian connection whose torsion is a 3-form. We identify nontrivial conditions for a reduction theory for these types of geometry.
I. INTRODUCTION
Symplectic reduction is a novel method of constructing symplectic manifolds from others that admit a group action of symplectic diffeomorphisms. To describe the main result, let G be a compact group of symplectic diffeomorphisms acting on the symplectic manifold (M ,) and g be the Lie algebra of G. It can be shown that under certain conditions, Nϭ Ϫ1 ()/G is also a symplectic manifold, where g* and :M →g* is the moment map. The manifold N is also denoted with M //G. It is remarkable that symplectic reduction can be generalized in various ways. First, it can be shown that if M is a Kähler manifold admitting a G-action of holomorphic isometries, then M //G is also a Kähler manifold. Furthermore, it can be shown that if M is a hyper-Kähler manifold admitting an G-action of triholomorphic isometries, then M //Gϭ Ϫ1 () is also hyper-Kähler, where ϭ( 1 , 2 , 3 ):M →R 3 g* and ϭ( 1 , 2 , 3 )R 3 g*. 1 In the context of hyper-Kähler reduction there are three moment maps each associated to the three complex structures. One common feature of all symplectic, Kähler and hyper-Kähler reductions is that moment maps exist because the G-action preserves some symplectic form.
More generally it has been shown that if M is a hypercomplex manifold admitting a triholomorphic group action, then M //G is also hypercomplex. 2 The details of this construction will be summarized in Sec. II B. Here it is worth mentioning that in the context of hypercomplex reductions, moment maps do not arise naturally because in the generic case there are no symplectic forms which are preserved by the group action. Instead it is assumed that one can find such functions on M which have the required properties.
In the next section, we assume the existence of a G-moment map on M and study the geometry on the reduced space N. The aim is to prove that the reduction of a KT-space is a KT-space and the reduction of a HKT-space is again a HKT-space. The definition and twistor construction of HKT spaces have been given in Ref. 3 . The properties of KT and HKT manifolds have been widely investigated in the literature. [3] [4] [5] The result on KT-space in Sec. II is not surprising because a Hermitian structure can easily be found on a reduced space and every Hermitian structure has a unique KT-connection. The existence of HKT-connection on the reduction of a HKT-space is less trivial. Examples of HKT-reduction in this regard are given at the end of this paper.
In the third section, we identify nontrivial and sufficient topological or cohomological constraints on either the manifold M or the group G to ensure the existence of a G-moment map on strong KT-manifolds and strong HKT-manifolds. In the absence of symplectic forms, this is a nontrivial result as one usually generates moment map through the Kähler form. In the fourth section, we discuss when a potential function on a HKT-space may descend to a potential function on the reduced HKT-space.
II. EXISTENCE OF HKT-STRUCTURES ON REDUCED SPACES
Assuming the existence of ''moment maps,'' we examine the geometry on the reduced space in the next two sections.
A. KT reduction
Before we explain HKT reduction, it is instructive to consider first the reduction of KT manifolds, i.e., Hermitian manifolds equipped with the hermitian connection whose torsion is a three-from.
Let M be a KT manifold and let G be a compact group of complex isometries on M . Denote the algebra of holomorphic vector fields by g. Next introduce a G-equivariant map :M →g satisfying the transversality condition, i.e., Id(X) 0 for all Xg. We remark that a map is equivariant if (g•x)ϭAd g*((x)).
Definition 1: A map is called G-moment map if and only if (i) it is equivariant and (ii) it satisfies the transversality condition.
We remark that for simply connected Kähler manifolds the moment map can be constructed using the invariance of Kähler form and complex structure and it satisfies the transversality property. However additional conditions are required in order the moment map to be equivariant.
Next given a point g, denote the level set Ϫ1 () by P. Since the map is G-equivariant, level sets are invariant if the group G is Abelian or if the point is invariant. Assuming that the level set P is invariant, and the action of G on P is free, then the quotient space Nϭ P/G is a smooth manifold. Let : P→N be the quotient map.
It can be shown that in fact Nϭ P/G is a complex manifold. This construction can be done as follows. For each point m in the space P, its tangent space is T m Pϭ͕tT m M :d͑t ͒ϭ0͖.
Consider the vector subspace
Due to the transversality condition, this space is transversal to the vectors generated by elements in g. In addition, this space is a vector subspace of T m P with co-dimension dim g, and hence it is a vector subspace of T m M with co-dimension 2 dim g. The same condition implies that, as a subbundle of TM ͉P , U is closed under I. Moreover there is a G-invariant splitting,
where V is the tangent space to the orbits of G and it is the bundle of kernels of d. We use the terms ''horizontal'' and ''vertical'' for U and V. Proof: To show this, it suffices to find a complex structure I and a Hermitian metric g on N which are induced from M because for every Hermitian structure (I,g), there always exists a unique KT structure on N. 5, 6 To begin, since U is G-invariant, if X u is tangent to P at m and is contained in U, then for any element f G, dL f (X u ) is tangent to P at f (m) and is contained in U.
Since G is also a group of isometries, g(dL f (X),dL f (Y ))ϭg(X,Y ) for any vectors X and Y tangent to P. Define a metric ĝ on N by
where X u and Y u are the horizontal lifts of X and Ŷ , respectively. From the analysis above, the metric ĝ is independent from the choice of the reference point p of the orbit. Note that the ''horizontal'' and ''vertical'' spaces ARE NOT necessarily orthogonal.
To prove that ĝ is Hermitian, we note that
Q.E.D.
B. HKT reduction
We shall begin with a description of hypercomplex reduction developed by Joyce. 2 Let G be a compact group of hypercomplex automorphism on M . Denote the algebra of hyper-holomorphic vector fields by g. Suppose that ϭ( 1 , 2 , 3 ):M →R 3 g is a G-equivariant map satisfying the following two conditions. The Cauchy-Riemann condition, I 1 d 1 ϭI 2 d 2 ϭI 3 d 3 , and the transversality condition, I a d a (X) 0 for all Xg. In analogy with a similar definition given in the previous section, any map satisfying these conditions is called a G-moment map. Given a point ϭ( 1 , 2 , 3 ) in R 3 g, denote the level set Ϫ1 () by P. Assuming that the level set P is invariant, and the action of G on P is free, then the quotient space Nϭ P/G is a smooth manifold.
Joyce proved that the quotient space Nϭ P/G inherits a natural hypercomplex structure. 2 His construction runs as follows. For each point m in the space P, its tangent space is
Consider the vector subspace,
Due to the transversality condition, this space is transversal to the vectors generated by elements in g. Due to the Cauchy-Riemann condition, this space is a vector subspace of T m P with codimension dim g, and hence it is a vector subspace of T m M with co-dimension 4 dim g. Proof: Define hypercomplex structures I a on Nϭ P/G as in ͑7͒. As in the previous section, define a metric ĝ on N by
where X u and Y u are the horizontal lifts of X and Ŷ , respectively. This is a hyper-Hermitian metric.
On M , define F a (X,Y )ϭg(I a X,Y ) and
This is a ͑0,2͒-form with respect to I 1 . Since the hyper-Hermitian structure on X admits a HKTmetric, ‫ץ‬ 1 ϭ0. Equivalently, the ͑0,3͒-part of d 1 vanishes. Similarly, we define 1 on N. By ͑Ref. 5, Proposition 2͒, the hyper-Hermitian metric ĝ is a HKT-metric if and only if ‫ץ‬ 1 ϭ0. In other words, we need to prove that the type ͑0,3͒-part of d 1 with respect to I 1 vanishes. This is equivalent to
and we have the following computation:
To complete the proof of this theorem we claim that
As dd 1 1 is of type-͑1,1͒ with respect to I 1 and X u and Y u are type-͑0,1͒ with respect to I 1 ,
. By the Cauchy-Riemann condition d 1 1 ϭd 2 2 ϭd 3 3 , our claim follows. Q.E.D.
III. MOMENT MAPS FOR STRONG KT AND HKT SPACES
As we have seen, the construction of new HKT manifolds using HKT reduction requires the existence of a G-moment map satisfying the requirements of Theorem 2. This moment map is not specified within the theory, as it is the case for the hyper-Kähler reduction, but rather its existence is an additional assumption of the construction. However as we shall see in the special case of reduction for strong KT ͑and HKT͒ manifolds, under certain assumptions, there is such a moment map which arises naturally. The local construction of a moment map for KT and HKT geometries presented below parallels the construction of an action for two-dimensional ͑2,0͒-and ͑4,0͒-supersymmetric gauged sigma models with the Wess-Zumino term in Ref. 7 , respectively. Again, we focus on a reduction theory for strong KT-structure first. The reduction theory for strong HKT-structures follow.
A. Local consideration
Let G a compact group of complex automorphisms on a strong KT manifold M . In particular G is a group of isometries on M which leaves in addition the torsion three-form H invariant. To continue we introduce a basis ͕e a ;aϭ1, . . . ,dim g͖ in the Lie algebra of g and denote the associated vector fields of M with ͕X a ;aϭ1, . . . ,dim g͖; denote with ͕e a ;aϭ1, . . . ,dim g*͖ the associated basis in the dual g* of g. The conditions for invariance of the KT structure can now be written as
where L a ϭL X a; similarly later for the inner derivation we have i a ϭi X a. Using the assumption that M is a strong KT manifold, dHϭ0, the last equation above implies that di a Hϭ0 and so there is a locally defined one-form u a such that i a Hϭdu a .
Clearly u a is uniquely defined up to the addition of a closed one-form.
Next let us denote with X the one-form dual with the vector field X with respect to the KT metric. Using L a Iϭ0, one can show that the two-form d(X a ϩu a ) is type-͑1,1͒ with respect to the complex structure I. Therefore, by the ‫ץ‬ -Poincare Lemma, there is a locally defined complexvalued function h a on M such that (X a ϩu a ) 1 A necessary condition for to be well-defined on M is that the class of i a H in H 2 (M ,R)
should be trivial. If in addition M satisfies the ‫ץץ‬ -lemma, then will be well-defined on M .
In the case when the group G is Abelian, the issue of equivariance is absent and hence the map so constructed is the moment map. Before we investigate equivariance in general, we consider the issue of nondegeneracy. 
On the other hand, since L X gϭ0 and ٌgϭ0,
Combining the above two identities, we find that for any vector fields Y , Z,
In particular, g(ٌ Y X,X)ϭ0 for any Y . Since ٌgϭ0. It implies that dg(X,X)ϭ0. Q.E.D.
B. Equivariance
Now we seek conditions for to be equivariant. This issue will be analyzed in the next few paragraphs. The map is equivariant if and only if (g•x)ϭAdg*((x)). Let X be any element in g. The equivariance is determined by ͑g•x ͒͑ X ͒ϭ͑ x ͒͑ Ad g͑X ͒͒. ͑17͒
The infinitesimal version of the above identity is
Let ͓X b ,X a ͔ϭ f ba c X c be the structural equations for the algebra g so that f ba c are constants. Apply the above formula to w a and u a , respectively, with respect to X b , the equivariance conditions for w a and u a are
These are nontrivial conditions. Note that 
Therefore, the g*-valued 1-form wªw a a is equivariant if and only if uªu a a is equivariant. Assuming that u is equivariant. This implies that after a possible shift of u a with respect to a closed one-form, u a must satisfy the above equation. Note that even if u a is equivariant, it is not unique but rather defined up to an equivariant closed one-form.
Next since dw a is an ͑1,1͒-form and if we assume that the ‫ץץ‬ -lemma applies on the manifold M ͑see either Ref. 
C. Cohomology
The various conditions that we have found for the existence of a moment map in the previous section can be identified as classes in de-Rham H dR * and in H ␦ * cohomology, where ␦ will be defined shortly. Let ␦ G be the map defining Lie algebra cohomology in the usual way. 10 In particular, for g* and , g, ␦ G ͑,͒ϭϪ͓͑,͔͒. In particular, ␦ G 2 ϭ0. Next for in ⌳ l (M ) and X in g, define ␦ ͑X͒ªL X .
͑27͒
Equivalently, ␦ ϭL a • a . Then we extend this operator to
͑29͒
This map generates a resolution.
We claim that this resolution is a complex, i.e., ␦ k ‫␦ؠ‬ kϩ1 ϭ␦ 2 ϭ0. To check, notice that One can now define a cohomology theory with respect to ␦ in the usual way and denote it with
.
͑31͒
Since ␦ commutes with d, one can also naturally define the cohomology groups H ␦ k (C l (M ) g*), where C l (M ) are the close l-forms on M . A cohomology theory based on a resolution of O g*, where O is the sheaf of germs of holomorphic functions on M , is similarly defined. This is possible because the group G consists of holomorphic actions. In particular, ‫ץ‬ ‫ؠ‬L a ϭL a ‫ץؠ‬ . This cohomology is
Returning now in the discussion of the previous section, we have seen a necessary condition for the existence of a moment map in the KT case is that i a H is a trivial class in H dR 2 (M ). Now we write i a Hϭdu a and define uϭu a a . This is a section of
Due to ͑20͒, the 1-form part is closed. Therefore ␦u is an element of C
Obviously, it is in the kernel of ␦. It defines a class in H ␦
Since u is not necessarily a closed 1-form, this class is not necessarily trivial although it is represented by ␦u. Due to computation of previous paragraphs, this cohomology class is the obstruction for adjusting u by a closed 1-form so that it could be equivariant. If this class vanishes, then as we have explained ␦(w a a )ϭ0 as well. Using this and assuming that a is well-defined in wϭIdϩz, where ϭ a a and zϭz a a , we have Id␦ϩ␦zϭ0. As we have explained in the previous section the obstruction for both z and to be equivariant are ␦z and ␦, respectively. The last identity implies that it suffices to find the condition for ␦ ϭ0.
Due to identity ͑22͒, ␦wϭ0 and L a Iϭ0, we have dId␦ϭ0. Therefore, by ‫ץץ‬ -Lemma, there exists holomorphic function f ba such that ba ϭRe f ba . Define
This is an element in O ⌳ 1 g* g*. The function part of ␦ f is holomorphic as the group G consists of holomorphic actions.
However, the real part of ␦ f is equal to ␦ϭ0. Therefore, ␦ f is purely imaginary. This is possible only if ␦ f ϭ0. It follows that f defines a class in H ␦ 1 (O g*). Note that the class of f vanishes if and only if the equation f ϭ␦F has a solution. In other words, there are solutions for Eq. ͑24͒.
Some of the conditions that we have derived above can be cast into an elegant form using equivariant cohomology. 11 In physics, it is known that the obstructions for gauging bosonic twodimensional sigma models with the Wess-Zumino term 12, 13 are elements of equivariant cohomology. 14 The theorem below provides sufficient conditions for KT reduction. It remains to prove the transversality condition. This follows from the last condition in ͑36͒ because it implies that i a u b is skew-symmetric and so i a w b is the sum of a nondegenerate symmetric matrix with i a u b . Therefore is a G-moment map and so M //G is a KT manifold.
D. Moment maps on strong HKT structures
The construction of G-moment maps for the reduction of strong HKT manifolds can proceed as in the case of strong KT manifolds above. The only difference is that for each complex structure ͕I r ;rϭ1,2,3͖ one gets
where z a r are again equivariant closed one-forms provided that the obstructions in H ␦ 1 (O g) vanish. In this case however it is not always possible to redefine u a such that w a ϭI r d( r ) a unless z a 1 ϭz a 2 ϭz a 3 . Nevertheless, we can still use the map :M →R 3 g as defined in ͑38͒ as a moment map. This moment map is equivariant but neither transversality nor the Cauchy-Riemann conditions generically hold. Thus we have the following theorem: Q.E.D.
IV. POTENTIAL FUNCTIONS
Recall that if (M ,I,g) is a HKT manifold with Kähler forms a , a HKT potential is a function such that 2 1 ϭdd 1 ϩd 2 d 3 ,2 2 ϭdd 2 ϩd 3 d 1 ,2 3 ϭdd 3 ϩd 1 d 2 . In this section, we follow the methods in Ref. 15 to find a potential function on reduced space. We continue to use the notations established in Sec. II B. Proof: Let Pª Ϫ1 (0) and i: P→M be the inclusion map. Now we first check that i*dd a ͉ U ϭdd a i*͉ U , where U is defined in ͑5͒. To this end notice that (I a X) . By direct computations after restricting on points of P we have
The last equality is due to
is tangent to an orbit of G and the condition in the theorem. We shall use the same argument repeatedly and implicitly in subsequent computation.
As the map is G-invariant, for x in P, we may define
where is the quotient map from P onto Nϭ P/G. In other words, * N ϭ. It follows that
It follows that i*dd a ͉U ϭ*dd a N͉U . Similarly,
On the other hand, In the rest of this section, we will construct new HKT-metrics through a reduction process. We begin with a well-known metric, namely the Taub-NUT metric.
A. Taub-NUT metric
We use the notation of Ref. 18 The quotient space Ϫ1 (0)/G is obtained by an orthogonal projection along the Killing vector field ‫.‪y‬ץ/ץ‬ It turns out that the quotient metric is the Taub-NUT metric,
B. A HKT-version of the Taub-NUT metric
Given the preparation of the last section, we are now ready to consider HKT-reduction. Let h be a function of r. We consider the metric on H\͕0͖ϫH given by
As ͓h(r)/r͔ dqdq is a HKT-metric on H\͕0͖ and product of HKT metrics is again a HKT metric, ds 2 is a HKT metric. Since the hypercomplex structure does not change, the group G remains hypercomplex. It is again a group of isometries. Therefore, we again use the moment maps generated by the action G with respect to the hyper- , where a is a pure quaternion. Now using the coordinates ( a ,r a ,y a ,y a ), one may construct explicitly a hyper-Kähler metric on the quotient space in the way the Taub-NUT metric is constructed. This is the LWY-metric.
For reference in subsequent computation, we note that in these coordinates the G-action is ( a ,y a )→ ( a ϩ2t a ,y a ϩ ͚ b This is a HKT-metric. The group G is again a group of hyper-holomorphic isometries. We may use the G-moment map again to construct a quotient metric ĝ with respect to ds 2 . The restriction of the metric ds 2 on Ϫ1 (0) with respect to the coordinates (r a , a ,y a ) is
